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Local Compliance Effects on the Global Pressure-Volume
Relationship In Models of Intracranial Pressure Dynamics

S.A. STEVENS* AND W.D. LAKIN'

ABSTRACT

The experimentally-measurepressure-slumerelationshipfor the humanintracranialsystem
is anonlinear‘S-shapedcurve with two pressureplateausa point of inflection,anda vertical

asymptoteat high pressuresvhereall capacityfor volume compensatioris lost. In lumped-
parametemathematicamodelsof theintracranialsystemocal complianceparameterselate
volumeadjustmentdo dynamicchangesn pressurdifferenceshetweenadjacentmodelsub-

units. Thiswork explorestherelationshipbetweerthe formsusedfor local modelcompliances
andthe calculatedglobal pressure-olume relationship. It is shavn that the experimentally-
measuredlobalrelationshipcanberecoseredusingphysiologicallymotivatedexpressiongor

thelocal compliancesat the interfacesbetweenthe venous-cerebrospinéllid (CSF)sulunits

andarterial-CSFsuhunitsin themodel. Establishmenof a consistentink betweerocal model

compliancesand the physiologicalbulk pressure-slume relationshipis essentiaif lumped-
parametemodelsareto be capableof realisticallypredictingintracranialpressurelynamics.

Keywords: e cerebrospindluid (CSF) e lumped-parametenodels e compliancese dynamic
intracranialpressures

1 INTRODUCTION

Lumped-parametanodelsprovide anattractve meanof studyingdynamicprocesses
in theintracranialsystem.In this modelingapproachfluid andmatterconstituentof
the dynamicsystemare subdvided into a numberof interactingsutunits. Consis-
tentwith earlierwork onintracranialpressurausingthis type of model[10, 21], each
modelsutunit will be termeda “compartment. A single physicalconstituente.g.
brainmatter may appeaiin only onecompartmenbdf the model,or, asis the caseof
blood,it maybethekey constituentn asequencef compartmentsDynamicsin each
compartments specifiedby space-aeragedunctionsof time for pressureandfluid
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dischage, while incrementalchangesn flows andvolumeare obtainedby associat-
ing resistancandcomplianceparametersvith adjacentompartmentsin particular
interactionbetweenadjacentsulunits is assumedo take place at the interfacesof
the model’s compartmentsFor example,anincreasdan the volumeof onecompart-
ment (with a correspondinglecreaseén the volume of an adjacentcompartment)s
accountedor by the volume of a ‘cup’ formed by the deformedmembraneat the
interfaceof thetwo compartments.

It is importantto recognizethat, in the presentcontet, a compartmentienotesa
lumpedsulunit of the mathematicamodel, andthis modelsukunit doesnot neces-
sarily correspondo afixed physicallocationwithin the cranialvault (or elsevherein
the body). For example,the cerebrospinalluid (CSF)spacewithin the skull may be
containedn asinglesuhlunit governedby a singledifferentialequation.In this case,
CSFin theventricleswill not be distinguishedrom CSFin the subarachnoidpace.
Rather both physicalregionsof intracranial CSF spacearerepresentethy the same
space-geragedor “lumped” variables. Pressuredn othermodel compartmentsare
similarly space-geragedput remainfully dynamicfunctionsof time.

Lumped-parametamodelsof the presenttype have a long history, datingto the
earliestsuchmodelof theintracranialsystemformulatedoy Monro[18] in 1783.This
first modelconsideredncompressibldrain matterandblood asits two sulunits. In
thework of Kellie [11] 40yearslater, thevascularcomponentvasfurthersubdivided
into arterialandvenousblood to producea three-compartmennodel. Modernwork
onthistypeof modelhasseera steadyincreasen thenumberof fluid compartments,
theintroductionof a separateerebrospindluid compartmentandarelaxationof the
treatmenbf systemconstituentsasincompressibldluids and brain matter[1, 16, 9,
15, 3]. Themodeldescribedby Karni et al. [10] andelaboratedy Soreket al. [21],
hassevenintracranialcompartmentsjineresistancandfive complianceparameters,
aswell asaforcingtermdueto flow inputfrom the heartpumpandflow outputonthe
venoussideto thejugularveins.

Almostall previousstudiesof intracranialpressurelynamicshave consideredhe
intracranialsystemto be confinedwithin the nearly-rigidintracranialvault. Connec-
tions to whole-bodyphysiologyhave beenindirect, entering,asin [10, 21], mainly
throughvascularforcing termsin the model. This closedsystemassumptionknown
astheKellie-Monrodoctrine imposesanadditionalconstraintjntroducesedundang
into the model's differentialequationsandleadsto singularbehaior for the compli-
anceandresistancenatrices Work by Lakin et al. [13] haseliminatedthisredundang
andprovidedanexactsolutionin thelinearcasewhereall complianceandresistance
parameterareconstantsin thenonlinearcasewith avariablecompliancentroduced
betweerthe brain matterand CSFcompartmentsa logistic form for this compliance
hasbeenshawvn to allow for largeventricularvolumechangesvithoutrequiringlarge
pressurencreasesndis effective in determiningthe etiology of the Alzheimetlike
conditionNormalPressurélydrocephalugsswell astherespons®f this conditionto
shunting[19]. Predictionsof the nonlinearmodelwith the variablecompliancehave
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alsobeenvalidatedby comparisorwith clinical CSFbolusdatameasuredn a rabbit
model[14].

A mathematicaimodelof the presentype which, throughinclusionof a compli-
ancefor CSF storagewithin the lumbar channel,doesnot invoke the Kellie-Monro
doctrinehasbeenformulatedby Czostyka et al.. This model containsthree com-
pliances,four resistancesand involves differential equationsbasedon a hydrody-
namicmodelfor the physicalsystemandits electricalcircuit equivalent.It allowsthe
dynamicrelationshipbetweencerebralperfusionpressureintracranialpressureand
cerebralblood flow in variousstatesof autorgyulationto be studied[4]. Useof this
modelin conjunctionwith clinical data[5] hasdeterminedwvhich of the indicesthat
canbe derived usingtranscraniaDopplerultrasonographyndtrendsof intracranial
pressurandbloodpressurareusefulin clinical testsof autoreyulatoryresene.

A key featurein the succes®f the modelsin [19, 14, 4, 5] is the useof variable
local compliances Constantocal compliancesanbe consistentlyusedin modeling
intracranialpressuredynamicsonly over very limited rangesof compartmenpres-
surevariations.Variablelocal compliancesn lumped-parametanodelsaretherefore
essentiato realistically predictintracranialpressuredynamics. However, the rela-
tionshipbetweenlocal compliancesn the mathematicamodelandthe clinical bulk
complianceof the entireintracranialsystem(including “whole-body” componentsn
thelumbarspacehasnot beenpreviously determined.

Lakin andGross[12] have shavn thatthe bulk complianceof the entireintracra-
nial systencanberelatedo the slopeof theglobalpressure-slumerelationship.This
relationshipis a curve which describeghe changesn CSFpressurehatresultfrom
adding (or subtracting)incrementalchangesn CSFvolume. The experimentally-
measurecbulk intracranial pressure-glume relationshipfor the entire intracranial
systemdeterminedby Sullivan andAllison [22] usinginfusion techniqueds shovn
in Fig 1. Sinceintracranialpressuresliffer widely betweerindividuals,Sullivanand
Allison [22] have developedthe conceptof “resting pressure’to provide a common
referencepoint for their pressure-glumerelationship.Restingpressurés definedto
bethe CSFpressuretwhich CSFproductionis exactly balancedy CSFabsorption.
In Fig 1, this is the non-zerovalue of the CSFpressuravhenno volumechangehas
beeninduced.

Physiologically pressure-glumebuffering occursprimarily betweerthe CSFand
vascularcomponentof body. At lower pressuresthis buffering is associatedvith
the lower pressureplateauin Fig 1 in the neighborhoodf restingpressure.On this
lower plateau,the CSFsystemhasa high compliance.Changesn CSFvolumeare
easily compensatedior by slight expansionsor contractionsof the venoussystem.
Consequentlya smallvolumechangdn this lower pressureegimewill produceonly
asmallchangen intracranialpressurgICP). It is worth explicitly notingthatin this
pressurerange,significantcompensations provided by the buffering action of the
spinaltheca,which lies outsideof the cranialvault and henceoutsideof the closed-
system(Kellie-Monro doctrine)modelsfor intracranialpressuredlynamics. Moving
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upwardontothesteepeningortionof the pressure-glumecurvein Fig 1, compensa-
tion for largerincrease# volumecontinuego beaccomplishedhroughexpulsionof
blood from the venoussystem.However, asCSFvolumeincreasesit now becomes
increasinglydifficult to expel additionalvenousblood. Consequentlythe steepness
of the pressure-glume curve increasesgcomplianceof the CSF systemdecreases,
and small volume changesow produceincreasinglylarge relative changesn ICP.
Abovethe 30to 40 mmHgrange andin particularasthepressureapproactthedias-
tolic bloodpressureintracranialpressuresresufficiently high thatinterarterialblood
volumecanbe affected. With theintroductionof this additionalmeansof compensa-
tion for addedCSFvolume,the pressure-glumecurve becomedesssteepat higher
pressures;hangeoncaity, andsmoothlygoesto theupperpressurelateauat dias-
tolic pressuresCompliancesiow increaseandareagainlarge on the upperpressure
plateau. Consequentlyon the upperpressureplateau,small volume additionswill
againproduceonly smallpressurehangesBeyondthe upperpressurelateauat sys-
tolic pressuretheintracranialsystemcontainsno additionalcompensatorjeaturego
buffer additionalvolumeincreasessothe pressure-glumecurverisessteeplyandthe
complianceof the CSFsystemfallsto zero.

Theaim of thepresentvork is to determinephysiologically-motvatediocal com-
pliancesn acompartmentaiodelwith “whole-body” physiologysothatsimulations
of CSFinfusionwith this mathematicamodelrecoverthe experimentally-determined
pressure-glumerelationshipover the full rangeof intracranialpressures.This will
bethefirst time thatthis global pressure-glumerelationshiphasbeenaccuratelypre-
dictedby a mathematicaimodelfor intracranialpressuralynamics.A consistentink
betweervariablelocal compliancegndtheexperimentally-measureglobalpressure-
volumerelationshipis essentialf lumped-parametanodelsareto be capableof real-
istically predictingintracranialpressurelynamics.

2 THE MODEL

In orderto mathematicallydescribethe dynamicsof CSFproduction,absorptionand
storagewithout introducingexcessve compleity, the simplified four compartment
lumped-parametamodelshowvn in Fig 2 will be used. In this particularmodel, the
CSFspacss definedasa singlecompartmentvith a spatially-aeragedpressurePs.
The intracranialspaces further divided into two vascularcompartmentsarteryand
vein,with pressuresP, andP, respectiely. Finally, therestof thebodymakesupthe
fourthcompartmentlt is from herethatall fluid flow into theintracranialregion orig-
inatesandinto which all intracranialdrainagéds absorbedThis compartmentontains
the spinaltheca,the lumbarportion of CSF spacewhich providesa high proportion
of theinitial buffering on the lower pressureplateauof the experimentally-measured
pressure-glumerelationship[22]. Dueto the similaritiesbetweernthis compartment
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Fig. 1. Theclinically obsered CSFpressure-elumerelationship.The curve crosseghe verticalaxis at
anon-zeradresting’ pressure.

andthegroundnodein anelectricalcircuit, thiscompartmenis labeled‘ground” with
aknown pressurep,.

The resistancdo flow throughthe arteriesis lumpedat the artery-\ein interface
(R4»), andsimilarly the resistanceo flow throughthe veinsis lumpedat the outflow
of thevein compartmen(R,,). Becausehe CSFproductionrateis known to remain
nearly constantthroughouta wide rangeof intracranialpressureg2, 8, 22|, Qs is
considereda constantflow originating from the arterial side of the vasculature. It
shouldbe notedthat Q) ; is not a flow of bloodinto the CSFspace put rathera flow
in theform of secretedCSFfrom capillarylik e structureknown aschoroidplexuses.
Corverselytheabsorptiorrateof CSFis pressuralriven[2, 8, 22], andtheresistance
to this flow is lumpedat the CSF-wininterface(Ry,). Becausarterialbloodsupply
to thebrainis known to bewell auto-rgyulated theflow @ 4 is considereadtonstantin
orderto simulateclinical infusion tests,aninfusionterm (Q;,) is includedto allow
aninfusionof mock CSFinto the CSFcompartment.

In thismodel,therearethree“local” complianceselatingthepressuralifferences
betweenadjacenttompartmentso volume adjustments C, ¢ representshe compli-
ancebetweerthearteriesandCSFE, while C'y, representshe compliancebetweerthe
CSFandintracranialveins. Cy, representshe ability of the spinal portion of CSF
spaceo expandby compressinghelarge veinsthatsurroundthe spinalthecaoutside
of the cranialvault. It is usuallythroughthe spinaltheca,which communicatesvith
the subarachnoi€CSFspacethatresearchersafelyinfuseor withdraw fluid into, or
outof, the CSFspace.
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Fig. 2. TheFour Compartmentodel

Eventhoughthe focusin the presentwork is on CSF-\asculampressuréuffering,
it mayseenmquestionabl¢hatthebrainis notconsideredsacompartmenin thissim-
plified intracranialpressuremodel. However, dueto the large resistancesssociated
with the blood-brainand CSF-brainbarriers,the flow into and out of the interstitial
braintissueis severalordersof magnituddessthanthe smallesffluid flow considered
in the four-compartmenmodel. Therefore brainvolumeis consideredonstandur-
ing the simulatedinfusiontestsandary deformationof the brainis compensateébr
by anequalcompositeof deformationsn oneor moreof theincludedcompartments.
For example,a CSFvolumeincreasemay deformthe shapeof the brain, but the in-
tracranialfluid compensatiomustbein the form of expelledblood or the expansion
of the CSFspacen therestof thebody.

3 DERIVATION

Threebasicassumptiongeadto theequationslescribinghedynamicsof this system:
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o All fluids areconsideredncompressiblandisothermal.
o Pressurarivenflows arelaminarandrelatedto pressuralifferencedy

Qij = % = Zij(Pi — P;) = Zi; Pyj, 1)
ij
where();; is the flow from compartment into compartmenyj, P; and P; are
the spatially-areragedpressure®f compartments andj, R;; is the lumped
resistanceo flow betweercompartments andj, R;; = —Rj;, thefluidity Z;;
is the inverseof resistanceR;;, and P;; = P; — P; is the pressurddifference
betweerthetwo compartments.

e Thedeformatiorof themembrandetweeradjacentompartmentsgs afunction
of thechangen pressuralifferencebetweerthesecompartments;

dVij _  dBi—F) ., d(By)
dt Ci dt =Ci dt ’ (2)

whereV;; denoteghe instantaneousolume of the ‘cup’ formedat the inter-
faceof compartments andj, C;; denoteshe compliancebetweenthesetwo
compartmentsandC;; = Cj;.

It shouldbe notedthattheseassumptiongreanalogougo thosein electricalcir-
cuit analysis,whereeachcompartmentepresents node,andpressureandflow are
analogougo voltageandcurrent. In this analogy equation(1) describeghe current
acrossa resistorand equation(2) describeghe the changein chage on a capacitor
Consequentlythe governingsystemof differential equationsfor the modelin Fig 2
arevery similarto thosedescribingan RC circuit.

Invoking the conseration of massin eachintracranialcompartmentpr alterna-
tively applyingKirchoff’s currentlaw at eachnode,resultsin threedifferentialequa-
tions;

Qa_Qf _ZavP(w = Cafpafa (3)
Qf + Qinf - vaPf'u = CafPfa + Cfva'u + Cngf97 (4)
Z v Pay + vaPf'u - Z’ngvg = CfvPvf (5)

Replacingequation(4) with the sumof equationg3), (4) and(5), setting

Pa'u = Paf+va;
Pyg = Pryg = Py,

andformulatingthe resultingdifferentialequationsn matrix form now yields
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CP+ZP =Q (6)
with
Cap 0 0 Zay Zay 0
C= 0 Cf'u 0 7= Zay Zav + va + ng _ZUQ
0 0 Cy, 0 —Zyg Zug
Paf Qa - Qf
P=| P, Q= 0
Pfg Qa + Qinf

Equation(6) is anordinary matrix differentialequation wherethe dot represents
differentiationwith respecto time.

Corversionfrom the pressurdifferencevector (P) into non-differenceform is
easilyaccomplishedhroughthelineartransformation

& =TP +P,, (7)
P, 1 01 P,

®=| P T=[0 0 1 P,=| P,
P, 0-11 P,

In accordancwvith theelectricalcircuit analogy P, will beassignedhevaluezero
throughoutthe restof this analysis.While this valuedoesnot necessarilyeflectthe
spatially-areragedressuref therestof thebody, this compartmenimerelyfunctions
asa large sourceanddrainagespacefor the intracranialfluids. Further scalevalues
for the model’s resistanceswhich arederived usingmeanpressuradifferenceswill
be calculatedn suchaway thatintracranialpressuresreindeedindicative of human
physiologyandno translationof the solutionvectorby P, is necessary

4 PARAMETER SCALE VALUES

Beforesimulatinginfusiontestsonthemodel,appropriatescalevaluesfor theproblem
parametersuchasrestingpressuresindflows, resistanceéor fluidities), andcompli-
anceanustbe calculatedrom availabledata.n this section we focuson calculating
the model’s constanffluidities and restingpressuressthis canbe achiezed without
assigningvaluesto the complianceterms.Throughouthis preliminaryanalysis pres-
suresandflows are given meanvaluesin the sensethat time-dependendscillations
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aboutthesemeanvaluesare disregarded. To useclinical studies this requiressome
form of averagingdataover eachperiod.

Solving equation(1) for eachfluidity in termsof pressure-dferenceand flow
yields

Za'u = (Qa __Qf)/_(Fa - F'U); (8)
va = Qf/(ff _fv)a (9)
ng = Qa/(Pv - Pg)a (10)

whereanoverbarindicatesestingpressurédeforethe startof aninfusiontest. Unfor-
tunately not all of the quantitieson the right handside of theseequationsareknown
from the outset.In particular P, is oftennot measuredby clinical researcherddow-
ever, P, maybecalculatedn suchaway thatthe modelbehaesproperlyin termsof
CSFabsorptiorasa functionof CSFpressurehange.This functionalrelationshipis
describedhext.

In clinical proceduresegardingthe CSF pressure-glumerelationship,prelimi-
nary steady-staténfusion testsare generallyperformedin order to obtain the for-
mation and absorptionratesof CSF at different CSF pressures.Thesetestsvary in
techniquebut usuallyinvolve addingor withdrawing fluid from the CSFspaceat a
constantate. Adequatetime is allowed for the CSFpressurdo reacha steadystate,
andestimationsof CSFproductionandabsorptioncanbe thenmadeat that particu-
lar CSFsteady-statpressure For a moredetaileddescriptionof thesetypesof tests,
see[2,7,27.

In general,the CSF productionrate remainsalmostconstantat () over an ex-
tensve rangeof pressuresandclinical dataindicatesthatthe CSFabsorptiorrateis
linearly relatedto CSFpressuréncreasedy

A= Z(P; — Py) + Q. (11)

Here, A is theabsorptiorrate,in ml/min, atthe steady-stateressure’; andZ is the
conductancef CSFoutflow. It shouldbe notedthatthe conductanceZ of CSFout-
flow andthefluidity Z;; areboth measuredn units of (ml/min)/(mmHg). However,
Z representshe slopeof the linear relationshipbetweenCSF absorptionand CSF
pressurdéncrease.By contrast,Z;; is the slopeof the assumedinear relationshipin
equation(1) betweenintercompartmentalow andintercompartmentgbressuredif-
ferences.Therefore,Z is not explicitly includedasa modelparameterbut is instead
usedasa clinically obsenedreferencevaluefrom which anestimationof P, will be
made.For acompletedescriptiorof how theconductancef CSFoutflow is calculated
andtheresultsfor healthyhumansubjectsseeAlbeck et al. [2].

Simulating this type of infusion teston the model requiresa nonzeroQ ;s in
equation(6). However, this term canbe considereduficiently smallthatthe linear
approximationfor all pressuredependentompliancegemainsvalid. In this linear
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casewith all resistanceandcompliance€onstantthe solutionof equation(6) tends
to the steadystate(P*) definedby

P*=7Z"'qQ. (12)
In the caseof zeroinfusion,equation(12) reducego theform
P=77'Q, (13)

where -
Q = [Qa - QfaoaQa]tr-

Here,P indicatestheinitial restingconditionprior to the startof aninfusiontest,and
thesuperscriptr denotes/ectortransposition Subtracting13) from (12) resultsin

P-F = 721Q-Q) = z7'q (14)

where
Qi = [07 07 Qz’nf]tr-

Thereforetransformingobackto non-differenceform usingequation(7) yields

. = _ 1 1
P} =Py = [TZ )23 Qins = ( + =) Qing, (15)

Zy vg

whereT is definedin equation(7), and[TZ_l](m) is the seconcelementn thethird

columnof TZ . Thistermis simplified on theright handsideof equation(15).
As in the clinical experimentsthe modelsteadystateis achiezed whenthe CSF
absorptiorrateequalghe sumof the CSFinfusionandproductionrates

A = Qiny +Qf (16)
1 1 _
= (va‘i‘z—vg)*l (Pf — P§) + Qy- (7)

Equation(17) is aresultof solving equation(15) for Q;,y andsubstitutingthis into
equation(16).

As canbe seenfrom equation(17), the modelabsorptiorrateis indeedlinearin
CSFpressurancrease.Thereforeit will berequireda priori thatthis linearrelation-
shipagreewith thatdeterminectlinically, i.e.

1 1

+
Ly Zyg

( )t=2. (18)

At this point, all of the termson the right handside of equationg8)-(10) may be
consideredknown, with the exceptionof P,,. However, this meanpressurezaluecan
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be calculatedy substitutingequationg9) and(10) into equation(18) andsolvingfor
P,, whichresultsin

5 _ 25 +PyQs —PrQa

P, = . (29)

Qf - Qa
In orderto performnumericalsimulationson the model,specificnumericalscale

valuesmustbe assignedor the meanpressuresandfluidity parametersThisis done
with respecto the physiologicallynormaladulthumanandresultsin thelist below. It
shouldbe keptin mind thatthe sourcedor thefollowing parametergenerallygive a
rangeof valuesandthe scalevaluechoserbelow lies within thisrange.

e P, =80mmHg (restingintracranialarterypressure)
This is primarily basedon the CSF upperpressureplateauoccurringneardi-
astolic blood pressurg22]. Further spatialaveragingof intracranialarterial
pressurawill resultin a valuelessthanthe 100 meanmmHg arterial pressure
associateavith theinfraclavicular arterieq8].

e P; =10mmHg (restingCSFpressure)
Sourcesvary andcite valuesof 10 mmHg[8, 22, 10, 21], 11 mmHg[2], and
11.25mmHg[7].

e Qo =750 ml/min  (meanarterialinput)
Sourcesagreeonthisvalue[8, 10, 21].

e @y =0.35ml/min (CSFproductionrate)
Sourcevaryandcite valuesof 0.3ml/min[10, 21], 0.35ml/min[8], 0.4ml/min[2],
and0.43ml/min [7].

e Z=0.11(ml/min))mmHg (Conductancef CSFoutflow)
Sourcevaryandcitevalues> 0.10(ml/min)/mmHg[22], 0.18(ml/min)/mmHg[7],
and0.11(ml/min)/mmHg[2] for healthyhumansubjects.

Thefollowing parameterarethencalculatedrom the above valuesas:

P, =6.82137mmHg (restingintracranialvein pressuregq(19).

Zqp = 10.2441 (ml/min)/mmHg (artery-\weinfluidity) eq(8).

Zgy = 0.11011 (ml/min)/mmHg  (CSF-winfluidity) eq(9).

Zyg = 109.949 (ml/min)/mmHg  (vein-groundiuidity) eq(10).

Sincethe above estimationsarebasedon varying clinical dataand certainphys-
iological assumptionsa sensitvity analysiswas performedon the steady-stateso-
lutions of the linearizedproblem. Becauseof the relatively large fluidities between
vascularcompartmentsthe solutionsfor P} and P; areinsensitve to all problem
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parameters&ndremainnearly constantat their prescribedneanvaluesduring anin-
fusionsimulationor underfluidity perturbationsOn the otherhand,P; is extremely
sensitve to the infusion rate asone would expect. To normalizethis result, the ra-
tio (P} — P;)/Qiny wWasconsideredhe relevantvariablewhenanalyzingsensitvity
during an infusion simulation. However, by implicitly including Z asa problempa-
rameteyequationg15) and(18) yield

Winkit G (20)

Qiny zZ

Therefore,the increasein CSF pressureper infusion rateis determinedexclusively
by the prescribedvaluefor Z. Consideringthe rangeof valuesprovided by clinical
data,this ratio lies between5 and 10 mmHg/(ml/min). As an example,if artificial
CSFis infusedat a constantrate of 5 ml/min, the model predictsthe CSF pressure
shouldincreaseby 25 to 50 mmHg dependingon the conductancef CSF outflow,
thusreflectingtheclinically obsenedsensitvity of CSFpressuréncreasdo the con-
ductanceof CSFoutflow. Specifically If the studiesof Fridenand Ekstedt[7] are
recreatedn the modelusing Z = 0.18(ml/min)/mmHgandQ;,; = 7.2 ml/min, the
model predictsa CSF pressurencreaseof 40 mmHg, which is in closeagreement
with theclinical results(seefigure 2 in [7]).

In general P} — P; is mostsensitve to Z;,, which, by equation(9), is mostsen-
sitive to P,. Furthermore P, is the parametefor which thereis the leastclinical
data. Overcomingthis lack of dataprovidedthe motivationfor inclusionof the con-
ductancez of the CSFoutflow in the calculationof P,,. With the above formulation,
the dynamicsof the CSFsystemwill behae in accordancevith clinical evidencein
the linearizedsteady-statsolution. Furthermorejn the nonlinearcase wherecom-
pliancesarepressurelependentthe solutionstill tendsto the steadystatedefinedby
P* andthe above sensitvity analysisis still valid. The differenceis in the shapeof
thetransientsolutionandthe associatedolumechanges.

In the ideal case,the remainingdeterminationgegardingthe local compliances
Cay, Cyy andC'y,4, wouldfollow from the definitionof compliancen equation(2) as

dvi;
Ci; = P’

(21)

andclinical datawould providelocal volumechangesssociateavith changesn pres-
suredifferencesUnfortunatelythistypeof physicaldatais unavailable. For example,
clinical measurementgrovide CSFpressurencreaseasaresultof anet(global) CSF
volumeincreasebut this datadoesnot differentiatehow muchof thisvolumeincrease
is associateavith displacedsenousblood. Furthermorethis datadoesnot,in general,
measuremeanarterial or venouspressurechangesluring sucha procedure.There-
fore, in reality, local complianceestimationsmust be basedon global CSF dataas
well assomebasicassumptionsegardingthe behavior of local compliancesThefol-
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lowing sectiondealswith an analysisof how theseassumptionsllow global datato
beinterpretedocally.

5 SYSTEM COMPLIANCE

In amodelingcontext, the clinically measuregressure-glumecurve for intracranial
spacedepictedin Figurel canbeinterpretedasthe pressure-glumerelationshipfor
atwo-compartmeninodelconsistingof the CSFspaceandtherestof thebody. If the
restof thebodyis againconsideredo be a groundwith zerocompartmentagbressure,
thenvaluesfor the CSFpressureon the vertical axisin Figure 1 becomesimply the
pressurdifferencebetweenthe model's two compartments . Similarly, the slopeof
the pressure-glumerelationshipin Figurel is the pressuraifferencechangedueto
anintegratedvolumechangean the CSFspaceandis thereforethelocal elastancée-
tweenthe model's two compartmentslf the clinical pressure-slumerelationshipis
inverted,asshavn in Figure3, to give volumechangessafunctionof CSFpressures,
thentheslopeof thisvolume-pressureelationshigs thelocal compliancebetweerthe
CSFandrestof bodycompartmentsThis interpretatiorprovidesanidentificationbe-
tweenthe measuredylobal complianceandthe singlelocal complianceallowedin a
two-compartmenimodel. However, whatis neededs therelationof the global com-
plianceto the multiple local compliancesn modelswith additionalcompartments.

5.1 Global Compliance

By plottingtheslopeof theglobalvolume-pressureelationshipateachCSFpressure,
thepictureof theglobal CSFcompliancegivenin Fig 4 is obtained.By theinterpreta-
tion above, this curveis alsothesinglelocal complianceC, (P) in atwo compartment
model. The shapeof this curve andthe physiologyof intracranialpressuréouffering
describedn the Introductionnow allow a decompositiorof Cy into the threelocal
compliancesn thefour-compartmentmodel.

On the portion of Fig 4 belon CSFpressuresf 60 mmHg, buffering is provided
by compressiorof the veinssurroundinghe spinalthecaandthe intracranialvenous
system.Above pressuresf 60 mmHg, buffering comesfrom compressiorof the ar
terial vessels. At the transitionpressureof 60 mmHg, venousbuffering hasnearly
ceasedvhile arterialbuffering hasnotyet commencedTherefore the smallvalueof
C, atthis pressureanbeinterpretedasthe backgroundcompliancebetweerthe CSF
spaceandthe groundcompartmentSincethe pressureangedor the differentphysi-
ologicalbufferingmechanismsnly overlapto a minimal extent,thelocal compliance
C, overthefull rangeof pressuresanbewritten asanadditive compositeof thethree
local compliancesn the four compartmentnodel. Thefollowing nearequalitieswill
thushold:
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d obal CSF Conpliance (m/nmHg)

Vol une Change (ni)
20

10

-20 0 20 40 60 80

. CSF Pressure (nmHg) 2
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-30 -20 0 20 40 60 80 100
CSF pressure (mrHg)

Fig. 3. Theclinically obsered CSF pressure- Fig. 4. Global CSF Compliance(Cy) = the
volume curwe invertedto expressCSF slope of the CSF volume-pressure
volume changeas a function of pres- cune.
sure.

C,y(60) ~ Cfy, (22)
C (Pv) ~ Cfg +Cfv(0)> (23)
Cy(Pa) = Cypg+ Cay(0), (24)

(Pf) = Cfg+Cfv(va). (25)

If theabovefour relationsaretakenasstrict equalitiesthreeadditionalconstraints
arenecessaryo fully determinehelocal compliances.

5.2 Local Compliance

In ordertoillustratethebehavior of alocal compliancehatis dependeniponpressure
differencesconsideranelasticmembraneseparatingwo fluidsin arigid tankasseen
in Fig 5. Thecomplianceof this systencanbeconsidereéa measuremerdf themem-
braneelasticity On physiologicalgroundswhenthepressureg compartmenf and
B arethe same(a pressuralifferenceof zero),the membranewill be mostelastic.As
the pressuralifferencebetweenA andB increasesn eitherdirection,the membrane
will stretchin the oppositedirectionto the pressuregradientcausingthe compliance
to diminish. Threepossiblegraphicaldepictionsof this type of relationshipareseen
in Fig 6. The non-differentiablecurve shavn with a solid line is mostsimilar to one
of theindividual peaksin Fig 4. However, in all threecurves,the pressure-dference
dependentompliancehasa maximumatapressuralifferenceof zeroanddiminishes
asthe pressurdifferenceincreasesn eitherdirection. Clinical evidencesuggesta
symmetriccomplianceasshavn in theglobalp/C graphsdepictedn figures6 - 8 of
FridenandEksted{7]. In addition,thesymmetryis consistentvith theassumptiorin
themodelthat,for local compliances(;; = Cj;.
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Rigid Tank
Conpl i ance
R RS
Elastic Membrane
T Fluid A Fluid B T
o Pressure Difference
Fig.5. Two fluid filled compartmentssepa- Fig. 6. Possibleshapesfor a local pressure-
ratedby anelasticmembrane. differencedependentompliance.

In thefour-compartmeninodel,thelocal compliance<’,; andC/, will bebased
ontheassumptiongivenabove. C,; will beafunctionof P, — P; = P,y andCy,
will beafunctionof Py,. ThecomplianceCy, is consideredonstanasthis parameter
reflectsa generabuffering mechanisnfor CSFexpansionin the absencef eitherof
the otherlocal compliances.In addition, within the contet of the currentvolume
adjustmentsthe ability of the restof the body to expandor contractis considered
unlimited. A morerealisticC'r, mightbeonethatdiminishesslightly asCSFpressure
increasesHowever, for the presentpurposesthe two variablecompliance<,,; and
Cy, will suffice to capturethe generakhapeof the CSFpressure-glumerelationship
andtheeffect of aslightly diminishingC, would be negligible.

All threeof the shapedlisplayedin Fig 6 were employedin simulatedinfusion
testsbut, as might be expected,only the non-differentiablecurve (denotedby the
solid line) resultedin realisticCSFpressure-glumecurves. The upperdashecturve
requiredexcessve volumechangego inducerecordedoressurehangesThe middle
dashedcurve resultedin a pressurevolume curve that waspiecevise linear. This is
not in agreementvith clinical results. Therefore,throughoutthe remainderof this
analysisyariablecompliancewill have theshapealescribedy thesolidline in Fig 6.

Therefore)ocal compliancewill have ashapedefinedby

Cij(Py) = Cgexp mialPul™ (26)

wherer;; anda; arepositve,andCy; = C;;(0). If the valueof this complianceis
known atrestingpressureP;; anddenoteddy C;; thefollowing relationshipbetween
a;; andr;; musthold:

rij| Py

Y= — ln(UU/CZOJ) (27)

SinceCy; is themaximumvalueof thecomplianceln(@j/ij) will belessthanzero
andr;; is positive by equation(27).
Consideringhe above equationsgachof the pressure-dferencedependentom-

pliancesC, s(P,s) andCy, (Psy)) requireshreeparameteevaluations %, i and
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a5, and the constantcompliance(Cy,) requiresone. Thus,in orderto fully cali-
bratethe local compliancesa total of seven constraintsare necessaryFour of these
constraintsare given above by consideringC, to be a compositeof Cy,, Cyy, and
Cyy.

Theremainingthreeconstraintsnustbe obtainedusingfurtherdataregardingthe
global CSF pressure-glume relationship. This can be doneby either numerically
solving for the parametersnvolved in eachlocal compliancefrom datasimilar to
equations(22) - (25), or simulatinginfusion testsand applying a shootingmethod
to theseparameters.Both of thesemethodswere attemptedand the former proved
to be adequatelueto arteryandvenouspressuresemainingnearly constantduring
simulatedinfusiontests.

Calculationausingclinical datafrom [7, 22] now resultin the pressure-dference
dependentomplianceslepictedin Figures7 and8. C'y, wascalibratedat a constant
valueof 0.1333ml/mmHg

Gy (i / mitg)

510 p () 24 Sp (mhg
Fig. 7. The local, pressure-dference depen- Fig. 8. The local, pressure-dierence depen-
dentcomplianceC s, (Pyy). dentcomplianceCy ¢ (Pq ).

6 INFUSION SIMULATIONS

All of therelevantparameteri thelumped-parametenodelarenow fully calibrated
andinfusion simulationsmay be performedon the model. Using thefluidity calibra-
tionsdescribedn section4 andthe compliancecalibrationsdescribedn section5.2,

equation(6) may now be solvedfor variousinfusionrates.Equation(6) wasnumeri-
cally solvedusingthe symbolicmathematicasoftwarepackageviathematica employ-

ing maximumaccurag settings.Thesolutionfor P maythenbetakenasthesecond
termin ® from equation(7). TheintegratedCSFvolumechangemay be calculated
as

t
Vi(t) = /0 Qing +Qy — Z1uPpu(r) dr, (28)



LOCAL COMPLIANCE EFFECTSON GLOBAL PRESSURE/OLUME CURVE 17

which wasalsocalculatechumericallyusingMathematica.

Performingthis simulationfor a sequenc®f CSFinfusionsandwithdrawals re-
sultsin thefour-compartmeniodelwith threelocal compliancegredictingtheglobal
CSFpressure-slumecurve depictedn Fig 9.

CSF Pressure (nmHg)

80+
60/
40! i
20 ¢
L il L L L
- -20 -10 10 20
Vol une Change (ml)
S -20¢

Fig. 9. Theglobal CSFpressure-slumecurve predictedby simulatednfusiontests.

As can be seenby comparingFig 1 with Fig 9, the inclusion of two pressure-
differencedependentocal complianceCr, andC, ;) resultsin apredictedoressure-
volumecurve that capturesall of the relevantaspectof the clinically obsenedrela-
tionshipincludingbothpressurglateausthechangean concavity betweertheplateaus,
andthe loss of all complianceabove diastolic pressure.lt shouldbe notedthat dif-
ferentinfusion rateswereimplementedandthe shapeof this curve wasinvariant. In
addition,whenan infusion was stopped ,CSF pressureand volumereturnedto their
restingvaluesalongthe samecurve.

7 CONCLUSIONS

Previous mathematicakonsideration®of the clinically-determinedglobal pressure-
volumerelationshipin Fig 1 have involved only a formulationof variousfits for the
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actualcurwveitself. It hasbeenknown for sometime thatthis curve canbereasonably
well representetdy anexponentialfunction over muchof the normalpressureange.
However, exponentialfits departmarkedly from theclinical resultsathigherpressures.
Even at lower pressuresif the relationshipbetweenCSFvolume and pressurevere
truly exponentialthena semi-logarithmiglot of CSFpressureversusvolumewould
beastraightline, implying thatthe so-calledPressure-Mlumelndex is aconstantAs
notedin [7], this clearly is not the case. Attemptsto modify the exponentialmodel,
whichincludeaddinga constantasaninhomogeneougermin the differentialequa-
tion for dP/dV, have not resohedthis problem. By contrasta logistic modelof the
pressure-glumerelationship[12] hasbeenshaowvn to provide a robustfit from low
pressurethroughtheupperpressurglateau.However, evenhere theverticalasymp-
tote at systolicpressurevhereall compliances lostis not representeih thelogistic
model.

Thiswork representthefirst successfulormulationthatrecoverstheglobalclini-
cal pressure-glumerelationshipdirectly from simulatednfusiontestsusinga mathe-
maticalmodel. The variablelocal complianceparametersn this four-compartment
compartmentamodel are appropriatenon-differentiablefunctions of pressuredif-
ferenceswhoseforms are motivatedby the physiologyof pressurebuffering at var
ious CSF pressurdevels. BecauseCSF-\enousand CSF-arterialpressurebuffer-
ing mechanismsare operative in nearly non-overlappingCSF pressureranges,the
global intracranialcomplianceinterpretedas the single local compliancein a two-
compartmeniodel,canberelatedto thelocal compliancesn thefour-compartment
modelasan additive compositefunction. This work shouldprovide the basisfor de-
riving variablelocal complianceparameterin moreinvolved compartmentainodels
for intracranialpressurelynamicswhich includemultiple compartment$or the CSK
arterial,andvenousspaces.
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