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ABSTRACT

Theexperimentally-measuredpressure-volumerelationshipfor thehumanintracranialsystem
is a nonlinear“S-shaped”curve with two pressureplateaus,a point of inflection,anda vertical
asymptoteat high pressureswhereall capacityfor volumecompensationis lost. In lumped-
parametermathematicalmodelsof the intracranialsystem,local complianceparametersrelate
volumeadjustmentsto dynamicchangesin pressuredifferencesbetweenadjacentmodelsub-
units.Thiswork explorestherelationshipbetweentheformsusedfor localmodelcompliances
and the calculatedglobal pressure-volume relationship. It is shown that the experimentally-
measuredglobalrelationshipcanberecoveredusingphysiologicallymotivatedexpressionsfor
the local compliancesat the interfacesbetweenthevenous-cerebrospinalfluid (CSF)subunits
andarterial-CSFsubunitsin themodel.Establishmentof aconsistentlink betweenlocalmodel
compliancesand the physiologicalbulk pressure-volume relationshipis essentialif lumped-
parametermodelsareto becapableof realisticallypredictingintracranialpressuredynamics.

Key words: ` cerebrospinalfluid (CSF) ` lumped-parametermodels ` compliances̀ dynamic
intracranialpressures

1 INTRODUCTION

Lumped-parametermodelsprovideanattractivemeansof studyingdynamicprocesses
in theintracranialsystem.In this modelingapproach,fluid andmatterconstituentsof
the dynamicsystemare subdivided into a numberof interactingsubunits. Consis-
tentwith earlierwork on intracranialpressureusingthis typeof model[10, 21], each
modelsubunit will be termeda “compartment.” A singlephysicalconstituent,e.g.
brainmatter, mayappearin only onecompartmentof themodel,or, asis thecaseof
blood,it maybethekey constituentin asequenceof compartments.Dynamicsin each
compartmentis specifiedby space-averagedfunctionsof time for pressureandfluida
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discharge,while incrementalchangesin flows andvolumeareobtainedby associat-
ing resistanceandcomplianceparameterswith adjacentcompartments.In particular,
interactionbetweenadjacentsubunits is assumedto take placeat the interfacesof
themodel’s compartments.For example,an increasein thevolumeof onecompart-
ment (with a correspondingdecreasein the volumeof an adjacentcompartment)is
accountedfor by the volume of a ‘cup’ formed by the deformedmembraneat the
interfaceof thetwo compartments.

It is importantto recognizethat, in thepresentcontext, a compartmentdenotesa
lumpedsubunit of the mathematicalmodel,andthis modelsubunit doesnot neces-
sarily correspondto a fixedphysicallocationwithin thecranialvault (or elsewherein
thebody). For example,thecerebrospinalfluid (CSF)spacewithin theskull maybe
containedin a singlesubunit governedby a singledifferentialequation.In this case,
CSFin theventricleswill not bedistinguishedfrom CSFin thesubarachnoidspace.
Rather, bothphysicalregionsof intracranialCSFspacearerepresentedby the same
space-averagedor “lumped” variables. Pressuresin othermodelcompartmentsare
similarly space-averaged,but remainfully dynamicfunctionsof time.

Lumped-parametermodelsof the presenttype have a long history, datingto the
earliestsuchmodelof theintracranialsystemformulatedby Monro[18] in 1783.This
first modelconsideredincompressiblebrainmatterandbloodasits two subunits. In
thework of Kellie [11] 40yearslater, thevascularcomponentwasfurthersubdivided
into arterialandvenousbloodto producea three-compartmentmodel. Modernwork
on this typeof modelhasseenasteadyincreasein thenumberof fluid compartments,
theintroductionof aseparatecerebrospinalfluid compartment,andarelaxationof the
treatmentof systemconstituentsasincompressiblefluids andbrainmatter[1, 16, 9,
15, 3]. Themodeldescribedby Karni et al. [10] andelaboratedby Soreket al. [21],
hassevenintracranialcompartments,nineresistanceandfivecomplianceparameters,
aswell asaforcingtermdueto flow input from theheartpumpandflow outputonthe
venoussideto thejugularveins.

Almostall previousstudiesof intracranialpressuredynamicshaveconsideredthe
intracranialsystemto beconfinedwithin thenearly-rigidintracranialvault. Connec-
tions to whole-bodyphysiologyhave beenindirect, entering,as in [10, 21], mainly
throughvascularforcing termsin themodel. This closedsystemassumption,known
astheKellie-Monrodoctrine,imposesanadditionalconstraint,introducesredundancy
into themodel’sdifferentialequations,andleadsto singularbehavior for thecompli-
anceandresistancematrices.Work byLakinet al. [13] haseliminatedthisredundancy
andprovidedanexactsolutionin thelinearcasewhereall compliancesandresistance
parametersareconstants.In thenonlinearcasewith avariablecomplianceintroduced
betweenthebrainmatterandCSFcompartments,a logistic form for this compliance
hasbeenshown to allow for largeventricularvolumechangeswithout requiringlarge
pressureincreasesandis effective in determiningthe etiologyof the Alzheimer-like
conditionNormalPressureHydrocephalusaswell astheresponseof thisconditionto
shunting[19]. Predictionsof thenonlinearmodelwith thevariablecompliancehave
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alsobeenvalidatedby comparisonwith clinical CSFbolusdatameasuredin a rabbit
model[14].

A mathematicalmodelof thepresenttypewhich, throughinclusionof a compli-
ancefor CSFstoragewithin the lumbarchannel,doesnot invoke the Kellie-Monro
doctrinehasbeenformulatedby Czosnyka et al.. This model containsthreecom-
pliances,four resistances,and involves differential equationsbasedon a hydrody-
namicmodelfor thephysicalsystemandits electricalcircuit equivalent.It allows the
dynamicrelationshipbetweencerebralperfusionpressure,intracranialpressure,and
cerebralblood flow in variousstatesof autoregulationto be studied[4]. Useof this
modelin conjunctionwith clinical data[5] hasdeterminedwhich of the indicesthat
canbederivedusingtranscranialDopplerultrasonographyandtrendsof intracranial
pressureandbloodpressureareusefulin clinical testsof autoregulatoryreserve.

A key featurein thesuccessof themodelsin [19, 14, 4, 5] is theuseof variable
local compliances.Constantlocal compliancescanbeconsistentlyusedin modeling
intracranialpressuredynamicsonly over very limited rangesof compartmentpres-
surevariations.Variablelocalcompliancesin lumped-parametermodelsaretherefore
essentialto realistically predict intracranialpressuredynamics. However, the rela-
tionshipbetweenlocal compliancesin the mathematicalmodelandthe clinical bulk
complianceof theentireintracranialsystem(including“whole-body” componentsin
thelumbarspace)hasnot beenpreviouslydetermined.

Lakin andGross[12] have shown that thebulk complianceof theentireintracra-
nial systemcanberelatedto theslopeof theglobalpressure-volumerelationship.This
relationshipis a curve which describesthe changesin CSFpressurethat resultfrom
adding(or subtracting)incrementalchangesin CSF volume. The experimentally-
measuredbulk intracranialpressure-volume relationshipfor the entire intracranial
systemdeterminedby Sullivan andAllison [22] usinginfusion techniquesis shown
in Fig 1. Sinceintracranialpressuresdiffer widely betweenindividuals,Sullivanand
Allison [22] have developedthe conceptof “restingpressure”to provide a common
referencepoint for their pressure-volumerelationship.Restingpressureis definedto
betheCSFpressureat whichCSFproductionis exactlybalancedby CSFabsorption.
In Fig 1, this is thenon-zerovalueof theCSFpressurewhenno volumechangehas
beeninduced.

Physiologically, pressure-volumebufferingoccursprimarily betweentheCSFand
vascularcomponentsof body. At lower pressures,this buffering is associatedwith
the lower pressureplateauin Fig 1 in the neighborhoodof restingpressure.On this
lower plateau,the CSFsystemhasa high compliance.Changesin CSFvolumeare
easily compensatedfor by slight expansionsor contractionsof the venoussystem.
Consequently, asmallvolumechangein this lowerpressureregimewill produceonly
a smallchangein intracranialpressure(ICP). It is worth explicitly notingthat in this
pressurerange,significantcompensationis provided by the buffering actionof the
spinaltheca,which lies outsideof the cranialvault andhenceoutsideof the closed-
system(Kellie-Monro doctrine)modelsfor intracranialpressuredynamics.Moving
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upwardontothesteepeningportionof thepressure-volumecurvein Fig 1, compensa-
tion for largerincreasesin volumecontinuesto beaccomplishedthroughexpulsionof
blood from the venoussystem.However, asCSFvolumeincreases,it now becomes
increasinglydifficult to expel additionalvenousblood. Consequently, the steepness
of the pressure-volume curve increases,complianceof the CSF systemdecreases,
andsmall volumechangesnow produceincreasinglylarge relative changesin ICP.
Abovethe30 to 40mmHgrange,andin particularasthepressuresapproachthedias-
tolic bloodpressure,intracranialpressuresaresufficiently highthatinterarterialblood
volumecanbeaffected.With theintroductionof this additionalmeansof compensa-
tion for addedCSFvolume,thepressure-volumecurve becomeslesssteepat higher
pressures,changesconcavity, andsmoothlygoesto theupperpressureplateauatdias-
tolic pressures.Compliancesnow increaseandareagainlargeon theupperpressure
plateau. Consequently, on the upperpressureplateau,small volume additionswill
againproduceonly smallpressurechanges.Beyondtheupperpressureplateauatsys-
tolic pressure,theintracranialsystemcontainsnoadditionalcompensatoryfeaturesto
buffer additionalvolumeincreases,sothepressure-volumecurverisessteeplyandthe
complianceof theCSFsystemfalls to zero.

Theaimof thepresentwork is to determinephysiologically-motivatedlocal com-
pliancesin acompartmentalmodelwith “whole-body”physiologysothatsimulations
of CSFinfusionwith thismathematicalmodelrecover theexperimentally-determined
pressure-volumerelationshipover the full rangeof intracranialpressures.This will
bethefirst time thatthisglobalpressure-volumerelationshiphasbeenaccuratelypre-
dictedby a mathematicalmodelfor intracranialpressuredynamics.A consistentlink
betweenvariablelocalcompliancesandtheexperimentally-measuredglobalpressure-
volumerelationshipis essentialif lumped-parametermodelsareto becapableof real-
istically predictingintracranialpressuredynamics.

2 THE MODEL

In orderto mathematicallydescribethedynamicsof CSFproduction,absorption,and
storagewithout introducingexcessive complexity, the simplified four compartment
lumped-parametermodelshown in Fig 2 will be used. In this particularmodel, the
CSFspaceis definedasa singlecompartmentwith a spatially-averagedpressurec�d .
The intracranialspaceis furtherdivided into two vascularcompartments;arteryand
vein,with pressures;c�e and c�f respectively. Finally, therestof thebodymakesupthe
fourthcompartment.It is from herethatall fluid flow into theintracranialregionorig-
inatesandinto whichall intracranialdrainageis absorbed.Thiscompartmentcontains
the spinal theca,the lumbarportion of CSFspacewhich providesa high proportion
of the initial buffering on the lower pressureplateauof theexperimentally-measured
pressure-volumerelationship[22]. Dueto thesimilaritiesbetweenthis compartment
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Fig. 1. Theclinically observedCSFpressure-volumerelationship.Thecurve crossestheverticalaxisat
anon-zero‘resting’ pressure.

andthegroundnodein anelectricalcircuit, thiscompartmentis labeled“ground” with
a known pressurec�g .

The resistanceto flow throughthe arteriesis lumpedat the artery-vein interface
( h e;f ), andsimilarly theresistanceto flow throughtheveinsis lumpedat theoutflow
of theveincompartment( h f g ). BecausetheCSFproductionrateis known to remain
nearly constantthroughouta wide rangeof intracranialpressures[2, 8, 22], i5d is
considereda constantflow originating from the arterial side of the vasculature.It
shouldbe notedthat iKd is not a flow of blood into theCSFspace,but rathera flow
in theform of secretedCSFfrom capillarylikestructuresknown aschoroidplexuses.
Conversely, theabsorptionrateof CSFis pressuredriven[2, 8, 22], andtheresistance
to this flow is lumpedat theCSF-vein interface( h d f ). Becausearterialbloodsupply
to thebrainis known to bewell auto-regulated,theflow i/j is consideredconstant.In
orderto simulateclinical infusion tests,an infusion term( i/kml d ) is includedto allow
aninfusionof mockCSFinto theCSFcompartment.

In thismodel,therearethree“local” compliancesrelatingthepressuredifferences
betweenadjacentcompartmentsto volumeadjustments.n e d representsthe compli-
ancebetweenthearteriesandCSF, while nod f representsthecompliancebetweenthe
CSFandintracranialveins. nodpg representsthe ability of the spinalportion of CSF
spaceto expandby compressingthelargeveinsthatsurroundthespinalthecaoutside
of thecranialvault. It is usuallythroughthespinaltheca,which communicateswith
thesubarachnoidCSFspace,that researcherssafelyinfuseor withdraw fluid into, or
out of, theCSFspace.
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Fig. 2. TheFourCompartmentmodel

Eventhoughthefocusin thepresentwork is on CSF-vascularpressurebuffering,
it mayseemquestionablethatthebrainis notconsideredasacompartmentin thissim-
plified intracranialpressuremodel. However, dueto the large resistancesassociated
with the blood-brainandCSF-brainbarriers,the flow into andout of the interstitial
braintissueis severalordersof magnitudelessthanthesmallestfluid flow considered
in thefour-compartmentmodel. Therefore,brainvolumeis consideredconstantdur-
ing thesimulatedinfusion testsandany deformationof thebrain is compensatedfor
by anequalcompositeof deformationsin oneor moreof theincludedcompartments.
For example,a CSFvolumeincreasemaydeformthe shapeof the brain,but the in-
tracranialfluid compensationmustbein theform of expelledbloodor theexpansion
of theCSFspacein therestof thebody.

3 DERIVATION

Threebasicassumptionsleadto theequationsdescribingthedynamicsof thissystem:
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i ksrBt c kvu c rhTkwr t>xykwr8z c kvu c r!{yt|x+ksr c ksr8} (1)

where i kwr is the flow from compartment~ into compartment� , c k and c r are
the spatially-averagedpressuresof compartments~ and � , hBksr is the lumped
resistanceto flow betweencompartments~ and � , hTkwr t�u hDr�k , thefluidity x ksr
is the inverseof resistancehBksr , and c�kwr t c�k u cvr is the pressuredifference
betweenthetwo compartments.q Thedeformationof themembranebetweenadjacentcompartmentsis afunction
of thechangein pressuredifferencebetweenthesecompartments;��� ksr��� t n ksr � z c k�u c r%{�8� t n ksr � z c kwr�{��� } (2)

where
� ksr denotesthe instantaneousvolumeof the ‘cup’ formedat the inter-

faceof compartments~ and � , n kwr denotesthe compliancebetweenthesetwo
compartments,and n ksrTt n r�k .

It shouldbenotedthat theseassumptionsareanalogousto thosein electricalcir-
cuit analysis,whereeachcompartmentrepresentsa node,andpressureandflow are
analogousto voltageandcurrent. In this analogy, equation(1) describesthe current
acrossa resistorandequation(2) describesthe the changein chargeon a capacitor.
Consequently, the governingsystemof differentialequationsfor the model in Fig 2
areverysimilar to thosedescribinganRCcircuit.

Invoking the conservation of massin eachintracranialcompartment,or alterna-
tively applyingKirchoff ’scurrentlaw at eachnode,resultsin threedifferentialequa-
tions;

i eDu i5d u�xye�f c e;f=t n e dG�c e d } (3)i dV� i/kml d u�x d f!c d f t noe d �c d e � n d f"�c d f � n d0g �c dpg } (4)x e;f!c�e;f � x d f!c d f u�x f g c�f g t n d f��c�f d�� (5)

Replacingequation(4) with thesumof equations(3), (4) and(5), settingc�e;f t c�e dT� c d f }c�f g t c d0g u c d f }
andformulatingtheresultingdifferentialequationsin matrix form now yields
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�Y�� ��� � t>� (6)

with � t �� noe d � �� n d f �� � n d0g
�� � t �� x e;f x e;f �x e;f x e;f � x d f � x f g uBx f g� uBx f g x f g

��

� t �� c e dc�d fc�d0g
�� ��t �� i eVu i5d�i e � i kml d

�� �
Equation(6) is anordinarymatrix differentialequation,wherethedot represents

differentiationwith respectto time.
Conversionfrom the pressuredifferencevector (

�
) into non-differenceform is

easilyaccomplishedthroughthelineartransformation� t:� � � � g } (7)

� t �� c ec�dc f
�� ��t ���� � ���� �� u �|�

�� � g t �� c�gc�gc�g
�� �

In accordancewith theelectricalcircuit analogy, c g will beassignedthevaluezero
throughoutthe restof this analysis.While this valuedoesnot necessarilyreflectthe
spatially-averagedpressureof therestof thebody, thiscompartmentmerelyfunctions
asa largesourceanddrainagespacefor the intracranialfluids. Further, scalevalues
for the model’s resistances,which arederivedusingmeanpressuredifferences,will
becalculatedin sucha way thatintracranialpressuresareindeedindicativeof human
physiologyandno translationof thesolutionvectorby

� g is necessary.

4 PARAMETER SCALE VALUES

Beforesimulatinginfusiontestsonthemodel,appropriatescalevaluesfor theproblem
parameterssuchasrestingpressuresandflows,resistances(or fluidities),andcompli-
ancesmustbecalculatedfrom availabledata.In this section,we focuson calculating
the model’s constantfluidities andrestingpressuresasthis canbe achievedwithout
assigningvaluesto thecomplianceterms.Throughoutthispreliminaryanalysis,pres-
suresandflows aregiven meanvaluesin the sensethat time-dependentoscillations
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aboutthesemeanvaluesaredisregarded.To useclinical studies,this requiressome
form of averagingdataovereachperiod.

Solving equation(1) for eachfluidity in termsof pressure-differenceand flow
yields x e;f t�z iKe u i d {�� z c/e u c/f {;} (8)x d f t i d �Mz c d u c/f {�} (9)x f g t i5e � z c/f u c g {;} (10)

whereanoverbarindicatesrestingpressurebeforethestartof aninfusiontest.Unfor-
tunately, not all of thequantitieson theright handsideof theseequationsareknown
from theoutset.In particular, c f is oftennot measuredby clinical researchers.How-
ever, c f maybecalculatedin suchaway thatthemodelbehavesproperlyin termsof
CSFabsorptionasa functionof CSFpressurechange.This functionalrelationshipis
describednext.

In clinical proceduresregardingthe CSFpressure-volumerelationship,prelimi-
nary steady-stateinfusion testsare generallyperformedin order to obtain the for-
mationandabsorptionratesof CSFat differentCSFpressures.Thesetestsvary in
techniquebut usually involve addingor withdrawing fluid from the CSFspaceat a
constantrate. Adequatetime is allowedfor theCSFpressureto reacha steadystate,
andestimationsof CSFproductionandabsorptioncanbe thenmadeat thatparticu-
lar CSFsteady-statepressure.For a moredetaileddescriptionof thesetypesof tests,
see[2, 7, 22].

In general,the CSFproductionrate remainsalmostconstantat i5d over an ex-
tensive rangeof pressures,andclinical dataindicatesthat theCSFabsorptionrateis
linearly relatedto CSFpressureincreasesby¡ t:¢"z c Rd u c5d { � i5d � (11)

Here,
¡

is theabsorptionrate,in ml/min, at thesteady-statepressurec Rd and ¢ is the
conductanceof CSFoutflow. It shouldbenotedthat theconductance¢ of CSFout-
flow andthefluidity x ksr arebothmeasuredin unitsof (ml/min)/(mmHg). However,¢ representsthe slopeof the linear relationshipbetweenCSF absorptionandCSF
pressureincrease.By contrast,x kwr is theslopeof theassumedlinear relationshipin
equation(1) betweenintercompartmentalflow andintercompartmentalpressuredif-
ferences.Therefore,¢ is not explicitly includedasa modelparameter, but is instead
usedasa clinically observedreferencevaluefrom which anestimationof c f will be
made.For acompletedescriptionof how theconductanceof CSFoutflow is calculated
andtheresultsfor healthyhumansubjects,seeAlbeck et al. [2].

Simulatingthis type of infusion test on the model requiresa nonzero i k£l d in
equation(6). However, this term canbe consideredsufficiently small that the linear
approximationfor all pressuredependentcompliancesremainsvalid. In this linear
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case,with all resistancesandcompliancesconstant,thesolutionof equation(6) tends
to thesteadystate(

� R
) definedby � R t �o¤v¥ � � (12)

In thecaseof zeroinfusion,equation(12) reducesto theform� t � ¤C¥ ��} (13)

where �¦t�§ i eVu i5d } � } i ep¨m©«ª �
Here,

�
indicatestheinitial restingconditionprior to thestartof aninfusiontest,and

thesuperscript
�­¬

denotesvectortransposition.Subtracting(13) from (12) resultsin� R u � t � ¤v¥ z��®u �"{¯t � ¤C¥ � k (14)

where �@k�t�§ � } � } i kml d ¨m©«ª �
Therefore,transformingbackto non-differenceform usingequation(7) yieldsc Rd u c d t°§ � � ¤C±²¨)³m´�µ ¶4· i5k£l d t°z �x d f � �xyf g { i5k£l d } (15)

where� is definedin equation(7), and § � � ¤C±²¨)³£´pµ ¶4· is thesecondelementin thethird
columnof � � ¤C± . This termis simplifiedon theright handsideof equation(15).

As in the clinical experiments,the modelsteadystateis achievedwhenthe CSF
absorptionrateequalsthesumof theCSFinfusionandproductionrates¡ t i/kml dT� i d (16)t�z �x d f � �x+f g { ¤v± z c Rd u c d { � i d � (17)

Equation(17) is a resultof solving equation(15) for i/kml d andsubstitutingthis into
equation(16).

As canbeseenfrom equation(17), the modelabsorptionrateis indeedlinear in
CSFpressureincrease.Thereforeit will berequireda priori that this linearrelation-
shipagreeswith thatdeterminedclinically, i.e.z �x d f � �x f g { ¤v± t¸¢ � (18)

At this point, all of thetermson theright handsideof equations(8)-(10)maybe
consideredknown, with theexceptionof c/f . However, this meanpressurevaluecan



LOCAL COMPLIANCEEFFECTSON GLOBAL PRESSUREVOLUME CURVE 11

becalculatedby substitutingequations(9) and(10) into equation(18)andsolvingforc f , which resultsin c fTtº¹�»;¹�¼½ � cBg¾i5d u c5d�i ei d u i5e � (19)

In orderto performnumericalsimulationson themodel,specificnumericalscale
valuesmustbeassignedfor themeanpressuresandfluidity parameters.This is done
with respectto thephysiologicallynormaladulthumanandresultsin thelist below. It
shouldbekeptin mind that thesourcesfor thefollowing parametersgenerallygive a
rangeof valuesandthescalevaluechosenbelow lieswithin this range.q c e/t:¿ � mmHg (restingintracranialarterypressure)

This is primarily basedon the CSFupperpressureplateauoccurringneardi-
astolic blood pressure[22]. Further, spatialaveragingof intracranialarterial
pressurewill result in a valuelessthanthe

� ��� meanmmHg arterialpressure
associatedwith theinfraclaviculararteries[8].q c/d t � � mmHg (restingCSFpressure)
Sourcesvary andcite valuesof 10 mmHg [8, 22, 10, 21], 11 mmHg [2], and
11.25mmHg[7].q i eTt>À�Á � ml/min (meanarterialinput)
Sourcesagreeon this value[8, 10, 21].q i5d t � � Â Á ml/min (CSFproductionrate)
Sourcesvaryandcitevaluesof 0.3ml/min [10, 21], 0.35ml/min [8], 0.4ml/min [2],
and0.43ml/min [7].q ¢ = 0.11(ml/min)/mmHg (Conductanceof CSFoutflow)
SourcesvaryandcitevaluesÃ 0.10(ml/min)/mmHg[22], 0.18(ml/min)/mmHg[7],
and0.11(ml/min)/mmHg[2] for healthyhumansubjects.

Thefollowing parametersarethencalculatedfrom theabovevaluesas:q c�f t¸Ä � ¿�Å � Â À mmHg (restingintracranialveinpressure)eq(19).q x e;f t � � � Å�Æ8Æ � (ml/min)/mmHg (artery-veinfluidity) eq(8).q x d f�t �S� �8� � �8� (ml/min)/mmHg (CSF-veinfluidity) eq(9).q xyf g t � ��ÇS� Ç Æ Ç (ml/min)/mmHg (vein-groundfluidity) eq(10).

Sincethe above estimationsarebasedon varying clinical dataandcertainphys-
iological assumptions,a sensitivity analysiswas performedon the steady-stateso-
lutions of the linearizedproblem. Becauseof the relatively large fluidities between
vascularcompartments,the solutionsfor c Re and c Rf are insensitive to all problem
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parametersandremainnearlyconstantat their prescribedmeanvaluesduringan in-
fusionsimulationor underfluidity perturbations.On theotherhand,c�d is extremely
sensitive to the infusion rateasonewould expect. To normalizethis result, the ra-
tio z c Rd u c5d {�� i k£l d wasconsideredtherelevantvariablewhenanalyzingsensitivity
duringan infusionsimulation.However, by implicitly including ¢ asa problempa-
rameter, equations(15)and(18) yieldc Rd u c5di kml d t �¢ � (20)

Therefore,the increasein CSFpressureper infusion rate is determinedexclusively
by the prescribedvaluefor ¢ . Consideringthe rangeof valuesprovidedby clinical
data,this ratio lies between5 and10 mmHg/(ml/min). As an example,if artificial
CSFis infusedat a constantrateof 5 ml/min, the modelpredictsthe CSFpressure
shouldincreaseby 25 to 50 mmHg dependingon the conductanceof CSFoutflow,
thusreflectingtheclinically observedsensitivity of CSFpressureincreaseto thecon-
ductanceof CSFoutflow. Specifically, If the studiesof FridenandEkstedt[7] are
recreatedon themodelusing ¢ = 0.18(ml/min)/mmHgand i/k£l d tXÀ � Å ml/min, the
modelpredictsa CSF pressureincreaseof 40 mmHg, which is in closeagreement
with theclinical results(seefigure2 in [7]).

In general,c Rd u c5d is mostsensitive to x d f which,by equation(9), is mostsen-

sitive to c/f . Furthermore,c/f is the parameterfor which thereis the leastclinical
data.Overcomingthis lack of dataprovidedthemotivationfor inclusionof thecon-
ductance¢ of theCSFoutflow in thecalculationof c/f . With theaboveformulation,
thedynamicsof theCSFsystemwill behave in accordancewith clinical evidencein
the linearizedsteady-statesolution. Furthermore,in the nonlinearcase,wherecom-
pliancesarepressuredependent,thesolutionstill tendsto thesteadystatedefinedby� R

andthe above sensitivity analysisis still valid. Thedifferenceis in the shapeof
thetransientsolutionandtheassociatedvolumechanges.

In the ideal case,the remainingdeterminationsregardingthe local compliancesn e d , n-d f and nod0g , would follow from thedefinitionof compliancein equation(2) as

n ksrTt ��� kwr� c�ksr } (21)

andclinical datawouldprovidelocalvolumechangesassociatedwith changesin pres-
suredifferences.Unfortunately, this typeof physicaldatais unavailable.For example,
clinical measurementsprovideCSFpressureincreaseasaresultof anet(global)CSF
volumeincrease,but thisdatadoesnotdifferentiatehow muchof thisvolumeincrease
is associatedwith displacedvenousblood.Furthermore,thisdatadoesnot,in general,
measuremeanarterialor venouspressurechangesduring sucha procedure.There-
fore, in reality, local complianceestimationsmustbe basedon global CSFdataas
well assomebasicassumptionsregardingthebehavior of local compliances.Thefol-
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lowing sectiondealswith an analysisof how theseassumptionsallow globaldatato
beinterpretedlocally.

5 SYSTEM COMPLIANCE

In a modelingcontext, theclinically measuredpressure-volumecurve for intracranial
spacedepictedin Figure1 canbeinterpretedasthepressure-volumerelationshipfor
a two-compartmentmodelconsistingof theCSFspaceandtherestof thebody. If the
restof thebodyis againconsideredto beagroundwith zerocompartmentalpressure,
thenvaluesfor the CSFpressureon the vertical axis in Figure1 becomesimply the
pressuredifferencebetweenthe model’s two compartments.Similarly, the slopeof
thepressure-volumerelationshipin Figure1 is thepressuredifferencechangedueto
anintegratedvolumechangein theCSFspaceandis thereforethelocalelastancebe-
tweenthemodel’s two compartments.If theclinical pressure-volumerelationshipis
inverted,asshown in Figure3, to givevolumechangesasafunctionof CSFpressures,
thentheslopeof thisvolume-pressurerelationshipis thelocalcompliancebetweenthe
CSFandrestof bodycompartments.This interpretationprovidesanidentificationbe-
tweenthe measuredglobal complianceandthe singlelocal complianceallowed in a
two-compartmentmodel. However, what is neededis therelationof theglobalcom-
plianceto themultiple local compliancesin modelswith additionalcompartments.

5.1 Global Compliance

By plottingtheslopeof theglobalvolume-pressurerelationshipateachCSFpressure,
thepictureof theglobalCSFcompliancegivenin Fig 4 is obtained.By theinterpreta-
tion above,thiscurveis alsothesinglelocalcompliancen�g z c { in atwo compartment
model. Theshapeof this curve andthephysiologyof intracranialpressurebuffering
describedin the Introductionnow allow a decompositionof n�g into the threelocal
compliancesin thefour-compartmentmodel.

On theportionof Fig 4 below CSFpressuresof 60 mmHg,buffering is provided
by compressionof theveinssurroundingthespinalthecaandthe intracranialvenous
system.Above pressuresof 60 mmHg,buffering comesfrom compressionof thear-
terial vessels.At the transitionpressureof 60 mmHg, venousbuffering hasnearly
ceasedwhile arterialbufferinghasnot yet commenced.Therefore,thesmallvalueofnPg at thispressurecanbeinterpretedasthebackgroundcompliancebetweentheCSF
spaceandthegroundcompartment.Sincethepressurerangesfor thedifferentphysi-
ologicalbufferingmechanismsonly overlapto aminimalextent,thelocalcompliancenPg overthefull rangeof pressurescanbewrittenasanadditivecompositeof thethree
local compliancesin thefour compartmentmodel.Thefollowing nearequalitieswill
thushold:
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Fig. 3. The clinically observed CSFpressure-
volumecurve invertedto expressCSF
volume changeas a function of pres-
sure.

Fig. 4. Global CSF Compliance( È	É ) = the
slope of the CSF volume-pressure
curve.

n g zÊÄ � {�Ë n d0g } (22)n�g z c f�{�Ë nod0g � nod fMz � {�} (23)n�g z c e�{�Ë nod0g � n e d z � {�} (24)n�g z c5d {�Ë nod0g � nod fMz c5d f�{ � (25)

If theabovefour relationsaretakenasstrictequalities,threeadditionalconstraints
arenecessaryto fully determinethelocal compliances.

5.2 Local Compliance

In orderto illustratethebehavior of alocalcompliancethatis dependentuponpressure
differences,consideranelasticmembraneseparatingtwo fluids in a rigid tankasseen
in Fig 5. Thecomplianceof thissystemcanbeconsideredameasurementof themem-
braneelasticity. Onphysiologicalgrounds,whenthepressuresin compartmentA and
B arethesame(apressuredifferenceof zero),themembranewill bemostelastic.As
thepressuredifferencebetweenA andB increasesin eitherdirection,themembrane
will stretchin theoppositedirectionto thepressuregradientcausingthecompliance
to diminish. Threepossiblegraphicaldepictionsof this typeof relationshipareseen
in Fig 6. Thenon-differentiablecurve shown with a solid line is mostsimilar to one
of theindividual peaksin Fig 4. However, in all threecurves,thepressure-difference
dependentcompliancehasamaximumatapressuredifferenceof zeroanddiminishes
asthe pressuredifferenceincreasesin eitherdirection. Clinical evidencesuggestsa
symmetriccompliance,asshown in theglobal Ì � n graphsdepictedin figures6 - 8 of
FridenandEkstedt[7]. In addition,thesymmetryis consistentwith theassumptionin
themodelthat,for local compliances,n ksrBt n r�k .
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Rigid Tank

Elastic Membrane

Fluid BFluid A

0 Pressure Difference

Compliance

Fig. 5. Two fluid filled compartmentssepa-
ratedby anelasticmembrane.

Fig. 6. Possibleshapesfor a local pressure-
differencedependentcompliance.

In thefour-compartmentmodel,thelocalcompliancesn e d and nod f will bebased
on theassumptionsgivenabove. n e d will bea functionof c eTu c�d t c e d and nod f
will beafunctionof c�d f . Thecompliancen-d0g is consideredconstantasthisparameter
reflectsa generalbuffering mechanismfor CSFexpansionin theabsenceof eitherof
the other local compliances.In addition, within the context of the currentvolume
adjustments,the ability of the rest of the body to expandor contractis considered
unlimited.A morerealistic nod0g mightbeonethatdiminishesslightly asCSFpressure
increases.However, for thepresentpurposes,the two variablecompliancesnoe d andn d f will suffice to capturethegeneralshapeof theCSFpressure-volumerelationship
andtheeffectof a slightly diminishing n d0g would benegligible.

All threeof the shapesdisplayedin Fig 6 wereemployed in simulatedinfusion
testsbut, as might be expected,only the non-differentiablecurve (denotedby the
solid line) resultedin realisticCSFpressure-volumecurves.Theupperdashedcurve
requiredexcessivevolumechangesto inducerecordedpressurechanges.Themiddle
dashedcurve resultedin a pressurevolumecurve that waspiecewise linear. This is
not in agreementwith clinical results. Therefore,throughoutthe remainderof this
analysis,variablecomplianceswill havetheshapedescribedby thesolid line in Fig 6.

Therefore,local complianceswill haveashapedefinedbyn-ksr z c�ksr {yt n/Íksr�Î�ÏMÐ ¤ ªÒÑsÓpÔ Õ8ÑsÓpÔ Ö ÑsÓ } (26)

where
¬ ksr and × kwr arepositive, and n Íksr t n ksr�z � { . If thevalueof this complianceis

known at restingpressurec ksr anddenotedby n ksr thefollowing relationshipbetween× ksr and
¬ kwr musthold: ¬ ksr�Ø c ksr�Ø Ù ÑsÓ tXuÛÚ£Üvz n kwr!� n Íkwr { � (27)

Sincen Íkwr is themaximumvalueof thecompliance,Ú£Ü�z n/ksr � n Íkwr { will belessthanzero
and

¬ ksr is positiveby equation(27).
Consideringtheaboveequations,eachof thepressure-differencedependentcom-

pliances( n e d z c e d { and n-d fMz c�d f¾{ ) requiresthreeparameterevaluations;n Íksr , ¬ kwr and
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×�ksr , and the constantcompliance( n dpg ) requiresone. Thus, in order to fully cali-
bratethe local compliances,a total of sevenconstraintsarenecessary. Four of these
constraintsaregiven above by consideringn�g to be a compositeof nod0g , n e d , andn-d f .

Theremainingthreeconstraintsmustbeobtainedusingfurtherdataregardingthe
global CSF pressure-volumerelationship. This can be doneby either numerically
solving for the parametersinvolved in eachlocal compliancefrom datasimilar to
equations(22) - (25), or simulatinginfusion testsandapplying a shootingmethod
to theseparameters.Both of thesemethodswereattemptedand the former proved
to be adequatedueto arteryandvenouspressuresremainingnearlyconstantduring
simulatedinfusiontests.

Calculationsusingclinical datafrom [7, 22] now resultin thepressure-difference
dependentcompliancesdepictedin Figures7 and8. n d0g wascalibratedat a constant
valueof 0.1333ml/mmHg
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Fig. 7. The local, pressure-differencedepen-
dentcomplianceÈCÝ�Þ�ßmà Ý�Þ0á . Fig. 8. The local, pressure-difference depen-

dentcomplianceÈ	â�Ý8ßãà�â;Ý!á .
6 INFUSION SIMULATIONS

All of therelevantparametersin thelumped-parametermodelarenow fully calibrated
andinfusionsimulationsmaybeperformedon themodel. Usingthefluidity calibra-
tionsdescribedin section4 andthecompliancecalibrationsdescribedin section5.2,
equation(6) maynow besolvedfor variousinfusionrates.Equation(6) wasnumeri-
cally solvedusingthesymbolicmathematicalsoftwarepackageMathematica employ-
ing maximumaccuracy settings.Thesolutionfor c�d maythenbetakenasthesecond
term in

�
from equation(7). The integratedCSFvolumechangemaybecalculated

as � d z � {Pt|ä ©å i/kml dV� i d u�x d f!c d f zÊæS{ � æ } (28)
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which wasalsocalculatednumericallyusingMathematica.
Performingthis simulationfor a sequenceof CSFinfusionsandwithdrawals re-

sultsin thefour-compartmentmodelwith threelocalcompliancespredictingtheglobal
CSFpressure-volumecurvedepictedin Fig 9.
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Fig. 9. TheglobalCSFpressure-volumecurve predictedby simulatedinfusiontests.

As can be seenby comparingFig 1 with Fig 9, the inclusion of two pressure-
differencedependentlocalcompliances( nod f and n e d ) resultsin apredictedpressure-
volumecurve thatcapturesall of the relevantaspectsof theclinically observedrela-
tionshipincludingbothpressureplateaus,thechangein concavity betweentheplateaus,
andthe lossof all complianceabove diastolicpressure.It shouldbe notedthat dif-
ferentinfusionrateswereimplementedandtheshapeof this curve wasinvariant. In
addition,whenan infusion wasstopped,CSFpressureandvolumereturnedto their
restingvaluesalongthesamecurve.

7 CONCLUSIONS

Previous mathematicalconsiderationsof the clinically-determinedglobal pressure-
volumerelationshipin Fig 1 have involvedonly a formulationof variousfits for the
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actualcurve itself. It hasbeenknown for sometime thatthis curvecanbereasonably
well representedby anexponentialfunctionovermuchof thenormalpressurerange.
However, exponentialfits departmarkedlyfrom theclinical resultsathigherpressures.
Even at lower pressures,if the relationshipbetweenCSFvolumeandpressurewere
truly exponentialthena semi-logarithmicplot of CSFpressureversusvolumewould
beastraightline, implying thattheso-calledPressure-VolumeIndex is aconstant.As
notedin [7], this clearly is not the case.Attemptsto modify the exponentialmodel,
which includeaddinga constantasan inhomogeneousterm in the differentialequa-
tion for

� c � ��� , have not resolvedthis problem.By contrast,a logistic modelof the
pressure-volumerelationship[12] hasbeenshown to provide a robust fit from low
pressuresthroughtheupperpressureplateau.However, evenhere,theverticalasymp-
toteat systolicpressurewhereall complianceis lost is not representedin thelogistic
model.

Thiswork representsthefirst successfulformulationthatrecoverstheglobalclini-
calpressure-volumerelationshipdirectly from simulatedinfusiontestsusingamathe-
maticalmodel. The variablelocal complianceparametersin this four-compartment
compartmentalmodel are appropriatenon-differentiablefunctions of pressuredif-
ferenceswhoseforms aremotivatedby the physiologyof pressurebuffering at var-
ious CSF pressurelevels. BecauseCSF-venousand CSF-arterialpressurebuffer-
ing mechanismsare operative in nearly non-overlappingCSF pressureranges,the
global intracranialcompliance,interpretedas the single local compliancein a two-
compartmentmodel,canberelatedto thelocal compliancesin thefour-compartment
modelasanadditive compositefunction. This work shouldprovide thebasisfor de-
riving variablelocal complianceparametersin moreinvolvedcompartmentalmodels
for intracranialpressuredynamicswhich includemultiple compartmentsfor theCSF,
arterial,andvenousspaces.
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