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In orderto understandthe fluid dynamicswithin the humanintracranialsystem,the rela-
tively smallflow of extracellularfluid into, andout of, the interstitialbrain tissuemustbe
determined.Dueto themagnitudeof theseflows, it is difficult to measurethemclinically.
Througha steady-stateinfusionsimulationrun on a mathematicalmodel,valuesfor these
smallflowsmaybecalculatedbasedonclinical dataregardingtheconductanceof CSFout-
flow. In thisway, themathematicalmodelallowsinformationto beobtainedregardingthese
smallmeanflows,aswell astheremainingmeanflows andmeanpressuresthroughoutthe
intracranialspace,with minimal relianceon datafrom intrusive procedures.
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1 Intr oduction

In determiningphysiologicalindicationsof ab-
normal intracranial fluid dynamics, a logical
startingpoint is to determinewhat constitutes
normaldynamicsin thehealthyhumansubject.
Thespecificdynamicsbeingstudiedherearethe
meanpressuresin several subspacesof the in-
tracranialsystemand the meanfluid flows be-
tweenthesesubspaces.Here,a subspaceis de-
fined by constituentasopposedto physicallo-
cation. Thesesubspaces,referredto as com-
partments,fall into two categories;vascularand�
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nonvascular. Thevascularsystemis dividedinto
fivecompartments:artery(a),capillary(c), vein
(v), venous-sinus(s) and jugular (j), while the
nonvascularsystemis composedof theCSF(f)
andbrain(b) compartments.

In terms of overall intracranial fluid flow,
mostof this consistsof incomingarterialblood
passingthroughthevascularsystemin sequence
and exiting through the jugular bulb. Of the
remainder, most of this is convertedinto CSF
which passesthrough a seriesof canalsand
reservoirs and is then reabsorbedinto the ve-
nousblood streamthroughthe arachnoidvilli.
Thesmallestflowscorrespondto theextracellu-
lar fluid enteringandexiting theinterstitialbrain
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tissue.In particular, theseflows posethegreat-
estdifficulty in termsof clinical measurement.

A mathematicalmodel,similar to theonede-
scribedby Karni et al.5 andelaborateduponby
Lakin et al.7, is developedwhich allows simu-
lationsto be comparedwith the clinical results
of the constant-pressure,constant-infusion-rate
testsrun by Albeck et al.1 on healthyhuman
subjects. Throughthesecomparisons,estima-
tionsof modelparametersaremade.Thesepa-
rametersarethe spatiallyaveraged,meanpres-
suresandmeanflowsthroughouttheintracranial
system.Specifically, theseincludethesmallest
meanfluid flowswhichwerenotexplicitly mea-
suredin theclinical experiments.

2 Methods

In clinical experiments,CSFabsorptionis deter-
minedto belinearly relatedto theCSFpressure
increase1 � 2 � 3 � 11, andtheslopeof thisrelationship
is definedas the conductanceof CSF outflow
(Cout ). The value of this term was calculated
by Albeck, Gjerris andSorenson1(1991)using
aconstant-pressure,constant-infusion-ratetest.

A mathematicalmethodof modelingintracra-
nial fluid dynamicsis developedherethat can
simulate steady-stateinfusion tests. In this
model,CSFabsorption(andfluid flow in gen-
eral) is linearly relatedto pressuredifferences
betweenadjacentspaces.However, in thepres-
sure/volumesteady-state,CSFabsorptionis in-
deedlinearly relatedto CSFpressureincrease,
with the slopedefinedas the ‘model’ conduc-
tanceof CSFoutflow (Cm

out ).

2.1 Clinical Methods

In theexperimentsperformedby Albecket al.1,
eachpatientwasplacedin a lateralposition to
set the ventricularsystemand the lumbarsub-

arachnoidspaceat the samelevel. A puncture
was madein the lower lumbar spaceand two
tubeswere connectedto the needle. Artificial
CSFwasdeliveredvia onetubewith a constant
rate of infusion Qin f . The outlet of the other
tubewaselevatedin stepsto increasethe lum-
bar pressure. After equilibrium pressurewas
reached,a measurementof the outflow of the
elevatedtube,Qout , wastaken. The absorption
ratewascalculatedby theformula:

Qabs
� Qin f

�
Q f � Qout �

whereQ f is the CSFproductionrate. The as-
sumptioninvolved in this formula is that once
equilibriumpressureis reached,a constantvol-
ume of the CSF spaceis maintained. Cor-
respondingvaluesof equilibrium pressureand
Qabs wereplottedandthe linear regressionline
wascalculatedby the methodof leastsquares.
Theslopeof the regressionline wasthentaken
astheexpressionfor Cout . Therelationshipbe-
tweenCSFabsorptionrateandCSFpressurein-
creasecannow bedefinedby

Qabs
� Cout

�
P 	f � P̄f 
 � Q f � (1)

where

Qabs
� CSFabsorptionrate

P 	f � CSFequilibriumpressure

P̄f
� CSFrestingpressure

Q f
� constantCSFformationrate

Cout
� conductanceof CSFoutflow.

2.2 The Mathematical Model

As in the model developedby Karni et al.5,
the intracranialspaceis divided into the seven
compartmentsdepictedin Figure 1. A term
is addedto representan infusion rateof mock
CSFinto theCSFcompartment(Qin f ). Further-
more,becauseCSFproductionis known to re-
main’nearly’ constantthroughouta wide range
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Figure1: Thesevencompartmentmodel

of intracranialpressures1 � 4 � 11, this model intro-
ducesaconstantCSFproductionterm(Q f ).

The basicassumptionsthat leadto the equa-
tionsdescribingthedynamicsof thissystemare:

� Pressuredrivenflowsaredescribedby

Qi j
� Pi � Pj

Ri j

� Zi j

�
Pi � Pj 
 � Zi jPi j � (2)

where Qi j is the flow from compartment
i into compartmentj, Pi is the spatially-
averagedpressureof compartmenti, Ri j
is the resistanceto flow betweencompart-
mentsi and j, Zi j (fluidity) is theinverseof
resistanceandPi j

� Pi � Pj.� Thedeformationof themembranebetween
adjacentcompartmentsis a function of
the changein pressuredifferencebetween

thesecompartments;

dVi j

dt
� Ci j

d
�
Pi � Pj 


dt
� Ci j

d
�
Pi j 

dt � (3)

whereVi j denotesthe volumeof the ’cup’
formedat the interfaceof compartmentsi
and j. Here,Ci j denotesthe compliance
betweenthesetwo compartments.� The cranial volume is consideredcon-
stant and the constituentsconsideredin-
compressible.This implies that any input
mustbecompensatedby anequaloutput;

QA
�

Qin f
� QJ � (4)

This is called the Kellie-Monro
Doctrine6 � 8.

Applying the law of conservationof massin
eachcompartmentresultsin a setof seven dif-
ferentialequations.For example,in theCSF(f)
compartment
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Q f
�

Qin f � Z f sPf s � Z f bPf b
�

C f b

dPf b

dt
�

C f s

dPf s

dt � Cc f

dPc f

dt � (5)

Becausethe jugular bulb is considerednon-
deformable,the equationfor this compartment
may be algebraicallysolved after the solution
for Ps is obtained.Dueto theKellie-Monrodoc-
trine, only five of the remainingsix equations
areindependent.Therefore,consideringarterial
pressureasaknown input,thesystemreducesto
five linearly independentdifferential equations
(seeLakin et al.7) describedin matrix form by

C
dP
dt

�
ZP � Q � (6)

Here,P andQ arethefiveelementvectors

P � 
 Ps � Pv � Pc � Pf � Pb � tr
Q � 
 � � QA

�
Qin f 
 � 0 � Q f � QA �

ZacPa � QA � CabṖa
�

ZacPa � QA � tr �
The compliancematrix (C) andfluidity matrix
(Z) areexplicitly definedin theappendix.

If the oscillatorynatureof the forcing terms
in Q is disregarded,the solutionof (6) is a set
of time-dependentmeanpressureswhich corre-
spondto thosemeasuredin clinical experiments.
Dueto thestabilitypropertiesof thematricesin-
volved,thesolutionof thetime-averaged,linear
problemtendsto thesteady-statedefinedby

P 	 � Z � 1Q 	 (7)

where

Q 	 � 
 � � QA
�

Qin f 
 � 0 � Q f � QA �
ZacPa � QA � ZacPa � QA � tr �

In the caseof zeroinfusion, equation(7) re-
ducesto theform

P � Z � 1Q (8)

where

Q � Q 	 � Qi

Qi
� 
Qin f � 0 � 0 � 0 � 0� tr �

Here,theuseof an overbarindicatesthe initial
restingconditionprior to thestartof aninfusion
test.

Subtractingequation(8) from (7) yields

P 	 � P � � Z � 1Qi � (9)

Specifically, with regardsto the CSFcompart-
ment,equation(9) implies

P 	f � P f
� � 
 Z � 1 ��� 4 � 1� Qin f � (10)

where 
 Z � 1 � � 4 � 1� is thefourthelementin thefirst

columnof Z � 1 and is explicitly definedin the
appendix,equation(28).

As in theexperiments,themodelsteady-state
is achievedin theCSFcompartmentwhenCSF
absorptionis equalto the sumof CSFproduc-
tion andCSFinfusion;

Qabs
� Qin f

�
Q f� � 1
 Z � 1 ��� 4 � 1� � P 	 f � P f 
 � Q f

wherethe secondof theseequalitiesis a result
of equation(10).

Now, themodelabsorptionrateis definedas
a linearfunctionof CSFpressureincreaseby

Qabs
� Cm

out
�
P 	f � P f 
 � Q f � (11)

where

Cm
out

� � 1
 Z � 1 � � 4 � 1� (12)

� modelconductanceof CSFoutflow.

Note, equation(11) correspondsto the same
relationshipdescribedexperimentallyby equa-
tion (1).
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It canbeseenthat themodelconductanceof
CSFoutflow (12) is a functionof themodelflu-
idity valuesandeachfluidity valueis a function
of meanpressuresandflows from (2), defined
by

Zi j
� Qi j

Pi � P j
� (13)

The goal is to determinethe meanflows and
pressureswhich result in a calculatedmodel
conductance(Cm

out ) thatis in agreementwith the
clinical resultsof Albeck et al.1.

If themeanpressuresandQA areknown, three
additionalmeanflowsmustbedeterminedin or-
der to defineall of the fluidity values. These
mustbe chosenjudiciously so that the remain-
ing meanflows can all be definedin termsof
thesethreeandQA. ChoosingCSFproduction
(Q f ), flow acrosstheblood-brainbarrier(Qcb),

andflow acrossthe CSF-brainbarrier (Q f b) as
the threeadditionalmeanflows, the remaining
meanflows may thenbe determinedby noting
thateachcompartmentmaintainsaconstantvol-
umein therestingsteady-state,for example:

Qac
� QA (14)

Qbv
� Q f b

�
Qcb (15)

Q f s
� Q f � Q f b (16)

Qcv
� Qac � Q f � Qcb (17)

Qvs
� Qcv

�
Qbv � (18)

Sincevalid estimationsof meanarterialinput
(QA) andmeanCSFproduction(Q f ) areavail-
able, thesewill be considered‘known’ flows.
Therefore,Q f b andQcb areconsideredthe two
‘unknown’ flows. However, becausethe mean
pressuresarenot necessarilyavailablefrom the
clinical experiments,someof thesemustbees-
timatedfrom theavailableinformation.

The meanpressureframework of the com-
partmentalmodelwill beestimatedby:

Pa � Pc � P f ��� Pb ��� Pv � Ps � (19)

whereP f will be takenfrom theclinical exper-
iments. The above inequalitiesare necessary
to ensurepressuredrivenflow betweenadjacent
compartments.Theinequality( ��� ) impliesthe
differenceis smallbutgreaterthanzero.Theuse
of this inequalityaboveis basedontwo assump-
tions. First, brainandCSFhave ‘nearly’ equal
meanrestingpressures4. Second,themeanve-
nouspressurecanneverbe‘significantly’ lower
thanthemeanCSFpressure,otherwisecerebral
bloodflow ceases9.

An estimationfor venous-sinuspressureis
givenby Davson2 as

Ps
� P f � Q f

Cout
� (20)

This is basedon extendingthelinearregression
line describedby equation(1) to Qabs

� 0. It is
assumedthat the resultingvalueof P 	f is equal
to that of the restingsaggitalsinuspressure,or
equivalently

Q f
� Cout

�
P f � Ps 
 � (21)

This implies there is zero flow into the brain
compartmentin therestingsteadystate.In order
to accommodatethenotionthatsomeCSFfluid
is absorbedinto thebrain tissue4 � 5 � 11 andthata
pressuregradientof approximately1.5mmHgis
necessaryto initiateabsorptionacrossthearach-
noidvilli 4, equation(20) is reformulatedto esti-
matethemodelmeanvenous-sinuspressureas

Ps
� P f � Q f

Cm
out

� 1 � 5 � (22)

At this point, themodelconductanceof CSF
outflow is defined as a function of the ‘un-
known’ flows Q f b and Qcb with the rest of

the problem variables(QA, Q f and the mean
pressures)considered‘known’. The useof the
quoteshereis to stressthat the valueof many
of the ‘known’ variablesareestimationsbased
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on available information. Furthermore,equa-
tion (22) now implies that the model conduc-
tanceof CSF outflow is implicitly definedby
equation(12). In this case,a uniqueexplicit
definitionfor modelconductancein termsof the
‘known’ and‘unknown’ variablesdoesnot ex-
ist. Therefore,equation(12) must be solved
numerically. This requiresassigningnumerical
valuesto the ‘known’ variablesasdescribedin
theresults.

3 Results

The modelconductance(Cm
out ) definedin equa-

tion (12) provides a term in the model which
representsthe identical term that is measured
experimentally. Due to the complexity of the
term Cm

out , numericalmethodsare requiredto
obtain the meanpressuresandflows necessary
to reproduceexperimentalresultsregardingthe
conductanceof CSFoutflow. It is in this way
that previously immeasurablysmall flows (Q f b

andQcb), maybeestimatedthroughthemathe-
maticalmodel.

3.1 Clinical Results

Dueto thenatureof this method,it is seldomly
performedonhumansubjectswithoutsuspicion
of someform of alteredintracranialhydrody-
namics. Therefore,the samplesizeof healthy
individualsstudiedbyAlbecket al.1 is relatively
small. From the eight subjectstested,the fol-
lowing datawasobtained:ThemeanICP pres-
surewas11 � 2 mmHg.A constantCSFforma-
tion rate,Q f , wastakenas0.4ml/min. It should
benotedthatthisratemaybehigheror lowerbut
this wouldhavenoaffecton thetheslopeof the
regressionline, Cout . All regressioncoefficients
weregreaterthan0.95,suggestinga stronglin-
ear relationship betweenabsorptionrate and

CSF pressureincrease. This is also notedby
SullivanandAllison 11 whereCSFconductance
in humansis quoted as ‘relatively’ constant.
A meanCout of 0.11 � 0.01 (ml/min)/mmHg
wascalculatedwith a 95% confidenceinterval
of 0.10–0.13(ml/min)/mmHg. This valuewas
comparedto similar testsfrom four other au-
thorsquotedbyAlbeckashaving arangeof 0.08
to 0.13(ml/min)/mmHg.

3.2 Model Results

Assuming a mean arterial pressureof 100
mmHgandcapillarypressureof 20mmHg5 � 10, a
CSFpressureof 11mmHg(from theAlbeckex-
periments)andQ f

� 0 � 35ml/min (this is anav-

erageof several estimations1 � 3 � 4 � 5 � 10� 11), the re-
mainingcompartmentalmeanpressuresmaybe
estimatedfrom (19)and(22)as

Pb
� 10� 5

Pv
� 10� 0

Ps
� 11� 0 � 0 � 35� Cm

out � 1 � 5� 6 � 3 (if Cm
out

� 0 � 11)

whereall pressuresaremeasuredin mmHg. Fi-
nally, assuminga meanarterial input (QA) of
750 ml/min4 � 5 � 10 completesthe estimationsof
the ‘known’ variables,with Cm

out still undeter-
mined.

Equation (12) may now be numerically
solvedto revealtherelationshipbetweentheun-
known flows Q f b andQcb necessaryto achieve
a model conductanceof CSF outflow equalto
0.11 (ml/min)/mmHg as calculatedby the Al-
beckexperiments.

A new variable(p) is introducedto represent
the portion of CSF absorbedinto the venous-
sinuscompartment,p � Q f s � Q f . This single

variablereplacesQ f s andQ f b by

Q f s
� pQ f � (23)
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Q f b
� �

1 � p 
 Q f � (24)

wherep is betweenzeroandone.
It is now possibleto assignvaluesto Qcb and

p, andnumericallysolve equation(12) for the
model conductance(Cm

out ). Figure 2 displays
theseresults with Qcb labeled Qcb. Equiva-
lently, assigninga value for Qcb and requiring
Cm

out
� 0 � 11, the valuefor p is thenfully deter-

mined.Thiscanbeseenby projectingtheinter-
sectionof the curvesin Figure 2 to the p axis.
By doing this it canbe seenthat p is between
0.87and0.945,regardlessof thevalueassigned
to Qcb. This agreeswith the propositionthat
thesaggitalsinusis the‘main’ recipientof CSF
outflow1 � 3 � 4 � 11.

As seenin Figure2, if Qcb is known, p canbe
determined,similarly if p is known, Qcb canbe
determined. Unfortunately, very little conclu-
sive datais availableregardingthe exact value
of theseterms.However, Soreket al.10 do pro-
videa ratio (r) definedby

r � Qcb � Q f b � (25)

Here, r is the ratio of flow acrossthe blood-
brain barrier to that acrossthe CSF-brainbar-
rier. Becausethesearethe two smallestflows,
it wouldseemreasonablethatmeasuringthera-
tio of thesetwo flows can be performedmore
accuratelythanmeasuringeitherof them indi-
vidually.

It is now possibleto numericallydetermine
therelationshipbetweenr andp. This relation-
ship is depictedin Figure 3. This shows the
rapidincreaseof p to its limiting value � 0.945.

An approximationof r is given by Soreket
al.10 of 0.021.Usingthis valuefor r resultsin a
numericallydeterminedvaluefor p of 0.874.At
this point,Q f b is determinedfrom (24) andQcb
is determinedfrom (25)as

Q f b
� 0 � 044ml/min (26)

Qcb
� 0 � 001ml/min � (27)

with theremainingmeanflowsdeterminedfrom
equations(14)– (18).

4 Discussion

Usingthemodeldescribedin this paperandthe
resultsof clinical researchers,it is possibleto
extrapolatemuch of the information regarding
normalfluid dynamicsin thehumanintracranial
system. In this study, experimentalresultsre-
gardingthe conductanceof CSFoutflow (Cout )
areincorporatedinto themathematicalmodelin
order to determineintracranialmeanpressures
andflows that arenot measuredin theseclini-
cal tests.This is motivatedby thelack of infor-
mationregardingthesmallflow of extracellular
fluid into theinterstitialbraintissue.In attempt-
ing to determinethesesmallmeanflows,amean
pressureframework throughoutthe intracranial
systemis alsoestimatedfrom availableinforma-
tion.

If themeanpressuresdescribedabove,aswell
as the meanarterial input andCSFproduction
(QA

� 750 ml/min and Q f
� 0 � 35 ml/min re-

spectively), areconsideredvalid, thentherange
of possiblevaluesfor thepercentageof CSFout-
flow absorbeddirectly into thevenous-sinus(p)
canbe estimatedfrom the conductanceof CSF
outflow (Figure 2). For example,if theconduc-
tanceof CSF outflow (Cout ) is higher than the
acceptedvalue of 0.11 (ml/min)/mmHg, then
the rangeof possiblep valuesshifts to the left.
This suggeststhat the flow of CSFinto the in-
terstitialbraintissue(Q f b) increases.While the
larger valueof CSF conductancepreventsele-
vatedintracranialpressuresin thefaceof aCSF
drainageblockage,thelargerflow into theinter-
stitial brain tissuecould result in edemaof the
brainin suchacase.Conversely, if Cout is below
this value,this suggeststhat Q f b decreases.In
thiscase,patientswith normalintracranialpres-
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suresanda low conductanceof CSFoutflow are
morelikely to experienceelevatedCSFpressure
whena blockageof the arachnoidvilli occurs.
This is dueto theinability of theexcessCSFto
drainthroughalternateroutes.

If, in addition, the value Cout
�

0 � 11 (ml/min)/mmHg is considered indica-
tive of normal human physiology, Figure 3
revealstherelationshipbetweenp andtheratio
of flow acrossthe blood-brainbarrier to that
acrossthe CSF-brain barrier (r � Qcb � Q f b).
If future valuesof r differ from the suggested
value of 0.021, the appropriatevalue of p
can be determinedfrom this graph and the
valuesof Q f b andQcb canbe determinedfrom
equations(24) and(25) respectively. Similarly,
if future valuesof p differ from the calculated
value of 0.874, this same graph reveals the
appropriatevaluefor r.

Finally, if the suggestedvalue of r � 0 � 021
is consideredappropriate,then p is numeri-
cally determinedto be0.874andthetwo small-
est meanflows (Q f b and Qcb) are calculated
as0.044ml/min and0.001ml/min respectively.
All of theothermeanflows may thenbecalcu-
latedfrom equations(14)– (18).

While the mean intracranial pressuresand
flows developedin this paperaredonewith re-
spectto the physiologically normal adult, the
samemethodsmaybeemployedin studyingthe
intracranialfluid dynamicsin personswith ava-
riety of initial conditions,including physiolog-
ical disorders.Thebenefitof usingthis mathe-
maticalmodelin conjunctionwith experimental
resultsis that critical data,which may be diffi-
cult to obtainclinically, maybe estimatedwith
aminimalamountof intrusiveprocedures.

5 Appendix

Thematricesin equation(6);

Z is thefluidity matrix������
�

Z f s � vs � Zvs 0 � Z f s 0� Zvs Zbv� cv� vs � Zcv 0 � Zbv
Zvs � Zvs 0 Z f b � Z f b
Zvs � Zcv� vs Zac � cb � cv Z f b � Zcb � f b
0 0 Zac 0 0

�������
�

andC is thecompliancematrix�����
�

C f s 0 0 � C f s 0
0 Cbv 0 0 � Cbv
0 0 � Cc f Cc f � f b � C f b
0 0 0 C f b � C f b
0 0 0 0 Cab

� ����
� �

In thesematrices,the repeatedsubscripti j, kl,
.. has been used to denotethe sum of the
respective quanitities, e.g., Zbv� cv� vs represents
Zbv

�
Zcv

�
Zvs.

The fourth term in the first column of the
inverseof Z (labelled 
 Z � 1 � � 4 � 1� ) introducedin
equation(10) is definedin termsof fluidity val-
uesby:
 Z � 1 � � 4 � 1� ��! Zvs

�
Zbv

�
Zcb

�
Zcv 
 � Zcv

�
Zcb

�
Z f b 
"
$# � ZcvZ f bZ f sZvs

�
Zbv

�
Zcb

�
Zcv 
 
 Z f sZvs

�
Z f b

�
Z f s

�
Zvs 
 � �

Zcb

 Z f bZ f sZvs

�
Zcv

�
Z f sZvs

�
Z f b

�
Z f s

�
Zvs 
"
 � #

(28)
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